The possibility of a nonzero graviton mass has been widely pursued in the literature. In this work we investigate a black hole solution in massive gravity and find that the end state of Hawking evaporation leads to black hole remnant, which could serve as a dark matter candidate, and could also help to ameliorate the information paradox.
The possibility of a nonzero graviton mass has been widely pursued in the literature. In this work we investigate a black hole solution in massive gravity and find that the end state of Hawking evaporation leads to black hole remnant, which could serve as a dark matter candidate, and could also help to ameliorate the information paradox.
I. INTRODUCTION: CAN MASSIVE GRAVITY ACCOUNT FOR DARK MATTER?
Ever since astrophysical and cosmological observations suggested that some form of dark matter exist, there have been no shortage for dark matter candidates, though after decades of various experiments, none of them have been found. Although most dark matter candidates stem from particle physics (e.g. supersymmetric particles), there is an intriguing possibility that they could be black hole remnants [1] [2] [3] , which are the end state of Hawking evaporation from primordial black holes. If so, then there is no need for a new kind of unobserved elementary particle to explain something that apparently populates a quarter of the Universe. The price to pay is that one has to explain how black hole remnants arise, since they are not part of the usual Hawking process.
It has been understood that microscopic black holes can arise from the fluctuation of spacetime and matter field when there is high enough energy density in the very early Universe [4, 5] . However in the standard Hawking evaporation scenario, these black holes would have almost completely evaporated by now. In order to serve as dark matter candidate, Hawking evaporation must stop at some point and the black hole becomes a remnant that is reasonably stable and long-lived. Black hole remnants can indeed arise from different theories, or from quantum gravity inspired phenomenological models. Various properties of such remnants have been studied in the literature [6, 7] , see [8] for a recent review of the subject. In this paper, we study massive gravity in order to find black hole remnants with the aforementioned properties.
Einstein's general relativity can be cast as a theory of massless spin-2 graviton theory. Generalizations to massive gravity theories has several motivations. One of the original goals is the hope that massive gravity might help to explain the accelerated expansion of the Universe † Electronic address: behzad.eslampanah@gmail.com ‡ Electronic address: hendi@shirazu.ac.ir Electronic address: ycong@yzu.edu.cn without the need of dark energy, by modifying the longdistance gravitational potential into a Yukawa-like potential [9] . One could also investigate massive gravity as an extension of general relativity, to see if such a theory is consistent. Recent observations by LIGO has put a tight bound on graviton's mass [11, 12] , but cannot rule out the possibility of nonzero mass. There are also other empirical and theoretical limits on the mass of gravitons (see [10, [13] [14] [15] [16] , for more details). Historically, the linear theory of massive gravity was introduced by Fierz and Pauli [17] ; it contains BoulwareDeser (BD) ghost [18] . A generalization to a nonlinear, stable, ghost free theory was constructed by de Rham, Gabadadze and Tolley (dRGT) [19] [20] [21] [22] [23] [24] . In addition to cosmological implications, the nonzero graviton mass allows one to model field theories with momentum dissipation in holography, without the need to employ the more traditional lattice method in the anti-de Sitter bulk [25, 26] . A fixed background, i.e., a non-dynamical reference metric is needed to formulate the theory.
We note that dRGT massive gravity suffers from some problems. Firstly, there is a lack of viable cosmological solution [9, 27] There are also fundamental problems related to the well-posedness of the theory, and "microacausality" (arbitrarily small closed causal curve) [28] [29] [30] [31] [32] . Nevertheless, there is still merit in further understanding the various aspects of the theory. For example, the effects of nonzero graviton mass on the structure of neutron stars [33] and white dwarfs [34] have been studied recently, the results showed that the maximum mass of these stars can be about three times the solar mass, i.e. more massive than in general relativity. In this work, we will focus on demonstrating that massive gravity admits black hole remnants. We will return to the limitation and challenges of the theory in the Discussion.
II. BLACK HOLE REMNANTS IN MASSIVE GRAVITY
dRGT massive gravity can be represented as Einstein's gravity with nontrivial interaction with a scalar field; its action can be written as Hilbert-Einstein action with suit-able nonlinear interaction terms [20] :
where R and U are, respectively, the Ricci scalar and the effective potential of graviton which modifies the gravitational sector with a nonzero graviton mass m. The Newton constant is dimensionful in this work, but we will set its value as unity for simplicity. This means that graviton mass m has dimension inverse length (c = 1 = ), but terms like M/r ≡ GM/c 2 r are dimensionless. This follows the convention of, e.g., [35] [36] [37] . Note that in this action there is no cosmological constant a priori -an effective cosmological constant arises from the graviton's mass. The effective potential U can be written as
in which α 3 and α 4 are two dimensionless free parameters of the theory. The functional form of U i with respect to the metric g and scalar field φ α are given by
in which
where f ab is an appropriate reference metric and the rectangular bracket denotes the traces, namely
In addition, φ a 's are the Stückelberg scalars, introduced as a mean to restore the general covariance of the theory. In the forthcoming discussions, we use the following redefinition for α 3 and α 4 , following the convention of [36] 
where α and β are two arbitrary dimensionless constants. One finds the following field equation
where G µν is the Einstein tensor and χ µν takes the form
We now consider a 4-dimensional static, spherically symmetric spacetime with metric ansatz
The reference metric essentially plays the role of a Lagrange multiplier to eliminate the BD ghost, and one can choose an appropriate form to simplify the calculation.
Here we shall follow the same choice as in [25, 35, 37] and utilize the degenerate reference metric
where c is a positive constant with dimension of length. We should emphasize that the property of massive gravity is such that the choice of reference metric does affect what kind of solutions are allowed, so this black hole solution depends on the choice made above. (For detailed study on black hole solutions in dRGT theory, see [38] ) Admittedly, the proof of ghost-freeness of dRGT theory [23, 24] assumes that the reference metric is invertible, so for degenerate metric like Eq. (8) one has to analyze the BD ghost separately [25, 26] . Since the existence of BD ghost depends not only on the background but also parameter values, this delicate issue is beyond the scope of the current work. Our aim is less ambitious: taking the theory with the aforementioned reference metric, which has been considered numerous times in the literature, what can we say about the existence of black hole remnant? Indeed, considering the ansatz (7), the reference metric (8) , and the field equation (6), we can obtain the following exact black hole solution [36] g (r) = 1 − m 0 r + Λr
where m 0 is an integration constant related to the mass of the black hole. Λ, γ and ε are, respectively [36] ,
Here we see that the cosmological constant is emergent -it comes from the nonzero graviton mass m. It follows directly from Eq.(9) that the Schwarzschild solution is recovered for vanishing massive terms (m 2 = 0). Asymptotically locally anti-de Sitter (AdS)-like and de Sitter (dS)-like solutions are possible; for nonzero γ and ε the asymptotic geometries are not strictly AdS or dS. The constant term ε corresponds to global monopole [36] . In this work we are concerned with asymptotically de-Sitterlike solution (which is arguably closer to our actual Universe), so we will focus only on Λ > 0 case.
The physical mass of the black hole is M = m 0 /2 [35] , which can be obtained from the Hamiltonian method. For m = 0, M reduces to the standard ADM mass of a Schwarzschild black hole. We now solve Eq. (9), and find the black hole event horizon:
where
The Hawking temperature can be obtained from Eqs. (7), (9) and (11) using the standard method:
(13) The Bekenstein-Hawking entropy of the black hole can be calculated through the first law of black hole thermodynamics dS = dM /T , which yields the standard area law upon integration: S = πr .
As the black hole evaporates, it gradually loses its mass. In general relativity, the temperature of the black hole diverges as M → 0. This is true even for black holes in de Sitter spacetime (large enough black holes however, might not evaporate [39] .) Nevertheless, in this work, we consider a model in which the cosmological constant arises from graviton mass m, therefore once the parameters α, β are fixed to have nonzero Λ, γ and ε, then general relativity limit is recovered by taking m → 0. This limit is without cosmological constant, i.e. the black hole reduces to asymptotically flat Schwarschild black hole, not Schwarzschild-de Sitter black hole.
In various quantum gravity inspired phenomenological models, such as the generalized uncertainty principle, black holes do not evaporate completely but instead become a remnant [40] . For our massive gravity black hole, one finds that indeed there exists a remnant with mass below which there is no black hole solution:
We remark that in the absence of the cosmological constant the remnant mass of black hole reduces to
In order to have a positive remnant mass of the black hole in Eq.(16), we always impose γ < 0. The radius of the remnant and its entropy are, respectively, given by
We present our results in Fig.(1) and Fig.(2) , in which the temperature, radius, entropy and heat capacity of a massive gravity black hole, with parameters chosen to be Λ = 1 = ε, γ = −1.5, are depicted and compared against its GR counter-part. We note in particular that the heat capacity and temperature are both zero when the remnant mass is reached.
III. BLACK HOLE REMNANT, INFORMATION PARADOX AND DARK MATTER
There are a few motivations for black hole remnants, one of which is that remnants prevent black holes from becoming arbitrarily hot during the end stage of the evaporation. Probably no one expects Hawking temperature to be truly divergent in the M → 0 limit, but exactly what prevents just such a divergence is not agreed upon. One possibility is simply that new physics comes in at sufficiently high energy, thereby stopping black holes from evaporating further. Just such a possibility was investigated in [40] by appealing to the generalized uncertainty principle (GUP), which modifies quantum mechanics taking into account correction due to strong gravitational field. The remnant solution therein exhibits a rather peculiar property that its temperature is positive -how could a black hole be a remnant (not losing mass) yet continue to have Hawking radiation? One possible way out is to interpret this temperature as the internal energy of the remnant (since E ∼ kT ). The specific heat of the remnant is zero, and therefore it does not interact with the thermal environment [41, 42] . This means the remnant is stable, a pre-requisite for it to serve as dark matter candidate. Indeed, such a black hole remnant derived from GUP has been proposed as possible dark matter candidate [43] .
Another virtue of black hole remnant is that it might be able to ameliorate the information paradox of black hole. The usual proposal to preserve quantum information is by having it scrambled and entangled in the Hawking radiation. Consider a black hole formed by a pure state. By unitarity one should recover pure state at the end of the black hole evaporation. The attempt to purify the Hawking radiation has given rise to issues like firewall [44] . The remnant picture, first proposed in [45] , avoided this problem by proposing that Hawking radiation is never purified -states behind the horizon and states in the Hawking radiation remains mixed separately, but taken as a whole it is a pure state. Such a proposal is not without problems. For example, in order to hide plenty of quantum states behind the ever shrinking horizon, the Bekenstein-Hawking entropy does not reflect all the interior degrees of freedom. There are also the infinite production problem. Both of these problems are discussed in details in [8] . The bottom line is that despite these issues, remnants should not be dismissed outright, and could well help to resolve the information paradox, especially if they have huge interiors due to nontrivial geometries. All these comments apply also to our massive gravity remnants.
The thermal stability of the massive gravity remnant is demonstrated by the fact that the heat capacity is zero, much like the remnant obtained from GUP mentioned above (this is not always the case for all GUP models, see e.g., [42] ). This means that we have a thermodynamically inert and stable remnant. However, unlike the GUP remnant, its temperature is also zero. This is in fact much more natural -no mass is loss via Hawking emission and thus the remnant is stable. While we could argue that the GUP remnant temperature is really its internal energy, this feels somewhat contrived in comparison. Since our black hole has no electrical charge, the remnant is not like an extremal charged black hole, which could continue to radiate (despite having zero temperature) via non-thermal processes such as Schwinger pair production [8] ; the remnant is arguably more stable and long-lived. This supports our claim that massive gravity remnant might be able to serve as dark matter candidate [1] [2] [3] .
IV. DISCUSSIONS
Motivated by the possibility that black hole remnants could be dark matter candidate, we investigated whether dRGT massive gravity can admit such a scenario, and found that it is indeed possible. To our knowledge, this is the first black hole remnant found in dRGT massive gravity. The black hole tends to zero temperature remnant with vanishing specific heat, at which point it stops evaporating and becomes a stable remnant. The remnant only has positive mass for γ < 0. In addition to being a dark matter candidate, massive gravity remnant could help to ameliorate the information paradox, modulo the usual challenges [8] . Here we discuss several issues and outlook for future works. Note that in [46] , a solution in dyonic massive gravity was discussed in which there is a "remnant temperature", i.e. in the limit of vanishing radius, the temperature is nonzero -it is not a black hole remnant in the sense studied in this work.
Demonstrating that dRGT massive gravity has black hole remnant solution is only the first step in the analysis. One needs to consider the actual evolution of the black hole under Hawking evaporation. That is to say, one has to study the mass loss rate dM/dt. The importance of doing so is to check if the remnant state is attainable, i.e. if it can be reached in a finite time, such an analysis would be important to study the Page time [47] [48] [49] of the black hole. (Conversely, even if there is no remnant, one could have an "effective remnant" if the evaporation rate is infinite [42] .) Persumably if the third law of black hole thermodynamics is valid for such black hole, it would take infinite amount of time to reach zero temperature state. In addition to the mass loss rate dM/dt, one should also study the sparsity of the Hawking radiation [42, 50, 51] , which affects the lifetime of the black hole. This investigation is expected to be nontrivial because in de-Sitter-like geometries one has to consider also the radiation coming from the cosmological horizon.
As mentioned in Sec.(I), dRGT massive gravity suffers from a variety of problems, most notably the causality issue which plagues the theory with superluminal propagation and arbitrarily small closed causal curves, thus rendering the theory unpredictable. In addition, a "god-given" reference metric is somewhat unsatisfactory. These has led to the considerations of bimetric (HassanRosen) theory [52] , in which the reference metric f µν is dynamical. Such a theory has some advantages over the original massive gravity [53] , and its causal structures and constraints are gradually being understood [54, 55] , though more research is clearly needed. The idea that massive gravitons might be dark matter themselves had been proposed quite a few years back [56] . Such an idea remains possible in the context of bimetric gravity [57] [58] [59] [60] , if remnants exist they could serve as an additional dark matter candidate. Since we have demonstrated that black hole remnant exists in dRGT theory, we believe it is worth while to investigate the remnant scenario in bimetric theory.
